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ABSTRACT. Let K C R™" be a compact and convex set of m X n matrices and
let {u;} be a sequence in Wllcl (R™; R™) that converges to K in the mean,
ie. fR" dist(Duj, K) — 0. I show that there exists a sequence v; of Lipschitz
functions such that [|dist(Dvj, K)|lcc — 0 and L™({u; # v;}) — 0. This
refines a result of Kewei Zhang (Ann. Scuola Norm. Sup. Pisa Cl. Sci.
(4) 19 (1992), 313-326), who showed that one may assume || Dv;[|cc < C.
Applications to gradient Young measures and to a question of Kinderlehrer
and Pedregal (Arch. Rational Mech. Anal. 115 (1991), 329-365) regarding
the approximation of R U {400} valued quasiconvex functions by finite ones
are indicated. A challenging open problem is whether convexity of K can be
replaced by quasiconvexity.

1. MAIN RESULTS

Let {u;} be a sequence of weakly differentiable functions u; : R™ — R™ whose
gradients approach the ball B(0, R) in the mean, i.e.

(1.1) / dist(Duj, B(0, R))dx — 0.

R’n
Motivated by work of Acerbi and Fusco [1], [2], and Liu [13], Kewei Zhang showed
that the sequence can be modified on a small set in such a way that the new sequence

is uniformly Lipschitz. The following theorem is a slight variant of Lemma 3.1 in
[21].

Theorem 1 (Zhang). There exists a constant c(n,m) with the following property.
If (1.1) holds, then there exists a sequence of functions v; : R™ — R™ such that

[|1Dvj||oo < c(n,m)R, L"({u; #v;}) — 0.

In fact one has the seemingly stronger conclusions

L"({u; # v; or Du; # Dv;}) — 0, / |Du; — Dvj|dz — 0.
RTL

For the first conclusion it suffices to note that for weakly differentiable functions w
and v the implication

(1.2) u=wvae inA = Du=Dvae inAd
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holds (see e.g. [8], Lemma 7.7). For the second conclusion observe that
|Duj — Dvj;| < |Dvj| + |Duj| < ¢(n,m)R + R+ dist(Du;, B(0, R))

and integrate over the set {Du; # Duv;}.

Theorem 1 has found important applications to the calculus of variations, in
particular the study of quasiconvexity, lower semicontinuity, relaxation and gradient
Young measures ([9], [21]; see also Corollary 3).

The purpose of the present work is to show that the constant c¢(n,m) can be
chosen arbitrarily close to 1 and that the ball B(0, R) can be replaced by a compact,
convex set.

Theorem 2. Let K be a compact, convex set in R™". Suppose u; € VVl}jC1 (R™,R™)
and

(1.3) /dist(Duj, K)dx — 0.
Rn

Then there exists a sequence v; of Lipschitz functions such that
[ dist(Dvj, K)|lso — 0, L™{u; # v} — 0.

Remarks. 1. A more natural and apparently much harder question is whether the
same assertion holds if K is quasiconvex rather than convex.

2. Jan Kristensen pointed out to me that in the scalar case m = 1 the assumption
that K is convex can be dropped. Let CK denote the convex hull of K and C distg
the convex envelope of the distance function. Kristensen’s proof uses (2.14), applied
with CK and (CK), = CK,, the identity C'distx_ = dist(¢x). , and the relaxation
of nonconvex integral functionals (see e.g. [5]) to obtain

inf{/ dist(Dv, K)dy : v =u on 0B}
B
= inf{/Cdist(Dw, K,):w=uon 0B}
B

< [ dist(Da, (CK),)

/

<(1-3"") [ dist(Du,CK)dz.
/

A similar argument can be applied for m > 1 provided that a (somewhat artificial)
condition holds which is slightly stronger than the requirement that C'K agrees
with the quasiconvex hull QK of K.

In the language of Young measures (see [9], [10] for the relevant definitions) one
can deduce the following.

Corollary 3. Let K be a compact, convex set in R™" and let  C R™ be open,
let p > 1, and suppose that {u;} generates a WLP gradient Young measure v =
{Vs}zeq and that

supp v, C K for a.e. x in €.
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Then there exists a sequence {v;} that generates the same gradient Young measure
and satisfies

|| dist(Dvj, K)o — 0.

Warning: There are slightly different definitions of W1 gradient Young mea-
sures in use. Above we have adopted the convention that those measures are gen-
erated by sequences for which {Du;} is equi-integrable (and not merely bounded
in L'). No ambiguities arise for p > 1.

Using Corollary 3, one can simplify the theory of W1 gradient Young measures
and answer some of the questions raised in [9] (see Corollary 9 below).

A version of Corollary 3 for Young measures with finite pth moment was discov-
ered by Kristensen [11] and later independently in [7]. It can be used to obtain a
simpler approach to W1 gradient Young measures ([16], [17]).

For Q # R™, Corollary 3 requires a local version of Theorem 2.

Theorem 4. Let K be a compact, convex set in R™", let Q@ C R™ be open and let
{u;} be a sequence in Wlicl (Q; R™) that satisfies

(1.4) u; — ug in Li (Q; R™),

(1.5) dist(Duj, K) — 0 in Li,.(Q).

Then there exists an increasing sequence of open sets U;, compactly contained in
Q, and functions v; € WEH Q4 R™) such that

loc
(1.6) v; =wup on Q\ Uj,
(1.7) L"({u; #v;}NU;j) — 0,
(1.8) || dist(Dvj, K)||se,0 — 0.

Remarks. 1. If © has finite volume, we have £*(Q\ U;) — 0, and thus £"({u; #
v;}) — 0.

2. If uj — uo in Wltcl (; R™), then (1.4) holds by the compact Sobolev em-
bedding. In fact, (1.4) and (1.5) imply weak convergence in W]icl (€; R™) (see the
proof).

3. Condition (1.6) is a statement of the fact that ug and v; satisfy the same
‘boundary condition’ (traces may not exist, since we assumed no regularity of ).

2. PROOFS IN R"™

In order to remove the small ‘bad’ region where dist(Duj, K) > € we locally
mollify u;. A key point is to use different mollification radii in different regions of
R"™ (I learned about the use of x-dependent mollifiers through the papers [18] and
[19] of Schoen and Uhlenbeck). Each mollification step reduces the L norm of the
distance function by a fixed factor, but slightly increases the L° norm on the good
set. Careful iteration shows, however, that the latter effect can be controlled.

A more precise outline of the proof is as follows. In Lemma 5 we obtain quanti-
tative estimates for mollification on a ball. In Lemma 6 we combine these estimates
with a covering argument to achieve the desired reduction of the L! norm. Theorem
7 contains the result of the iteration procedure. Finally, Theorem 2 is an immediate
consequence of Theorem 7.
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In the following K always denotes a compact, convex set in M := M™*" = R™",
We use the operator norm |F| := sup{|Fz| : || = 1} on M. The distance function
dist(4,K) = min{|A— F|: F € K}
is 1-Lipschitz and convex, since K is convex. Its sublevel sets
K, ={ACM :dist(4A,K) <~}

are compact and convex, and for v > 0 and § > 0 one has

(2.1) (Ky)s = Kqyss, dist(A, K,) < (dist(4, K) — ),
where at = max(a, 0). If we let

(2.2) |K |0 :=max{|A| : A € K},

we have

(2.3) Ky oo = | Koo+, |A] <K + dist(4, K).

By f, fdx we denote the mean value (£"(E))~! [, fdz.
Lemma 5. If u € WH1(B(a,r); R™) and if

then there exists 1 € Wh1(B(a,r)) such that

@=u on dB(a,r),

/ dist(Di, K-)dx < (14 ©77) / dist(Du, K)dz.
B(a,r) B(a,r)\B(a,r/2)
Proof. The statement is invariant under the rescaling
r r—a K ¥
u— —u(——), K———, 7v— ——.
| Koo r | Koo | Koo

We may thus assume |K| = 1,a = 0,7 = 1, and we write B := B(0,1), B, :=
B(0,p). Let € € (0,1/8) (a specific choice will be made below), and for x € By/s
let

v(z) = ][u dy = ][u(x + 2)dz.
B(z,e€) Be
Then

Dv(z) =+ Dudy

B(z,e€)

and, by convexity of the distance function,

dist(Dv(x), K) < + dist(Du, K)dy < e "O.
B(z,e€)

Let ¢ : B — [0, 1] be a cut-off function that satisfies
Y e Wol"oo(Bws)v =1 on Bss, |Dyp| <8,
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and define
a=(1—p)u+ pv.
Then @ = u on B\ B/ and
Di=(1—-¢)Du+@Dv+ (v—u)® Dy in B.
Thus
D = Du in B\ Bys,

(2.4) dist(Di, K) = dist(Dv, K) < € " in By/s.

We next estimate v — u. In view of (2.3) and the assumption |K| = 1 we have for
a.e. T € Byyg

v — ul(z) < ][ fu(y) — u(@)ldy

B(z,e€)
— g | e g —ut@lan e
L(Be)
0 Sn—1
1dtd n—1 n—1
< Ln / / / H = (e)p" " dp
0 s»n—1 0
1 P
LB / / /dlst Du, K)(x + te)dt dH"*(e)p™ dp
¢ 0 sn—1 0

Ti(z,€) + Ta(z, ).
We have Ti (z,€) = e-2= < ¢, and thus Fubini’s theorem yields

+
/ (lv —u| — €)dx < / To(z, €)dx
Br/8\Bs/s B7,8\Bs /s

(2.5) gﬁ&)/é //p / dist(Du, K)dz | dt dH" ' (e)p" 'dp

0 gn—-1 0 B\Bl/2

<e / (dist Du, K)dzx.
B\Bi 2

Since the distance function is convex and 1-Lipschitz, we have

dist(Da, K) < ¢ dist(Du, K) 4+ (1 — ) dist(Dv, K) + |v — u||Dy|

< dist(Du, K) + ¢ "0 + 8¢+ 8(Jv — u| — ¢).

Let ¢ = ©7+1. Then e "0 + 8¢ = ~v and

dist(D1, K) < dist(Du, K) +v 4+ 8(lv —u| —¢€) in By/g\ Bs/s.
The estimate (2.4) gives

dist(Di, K) <4 in Byg.
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Since D@ = Du in B\ By s, the assertion follows from (2.5), (2.1), and the definition
of e. O

Lemma 6. There exist positive constants a(n) < 1,ca(n) < 1/8, with the following
property. If u € Wli"cl(R";Rm), v €(0,9¢2|K|x) and
1

Ai= ——
Koo

/ dist(Du; K) < oo,
Rm

then there exists a function G € Wli)’cl (R™;R™) such that

1 .
(2.6) K /dlst(Du,Kv) < a(n)A,
R’Vl
n+1
(2.7) Lr{u #a}) <27 (%) A

Remark. If Du € K on R™\ V, then
{u#a} CV,={z:dist(z,V) < p};

p = en(|K |y e,
Proof. 1. We may suppose | K|, = 1. Let

O =)<t <8,
Eo ={reR": supr(w " dist(Du, K)dy > ©}.

Note that by the Lebesgue point theorem

(2.8) dist(Du, K) < © a.e. in R"\ E.
Since ¢; < 1 we have

(2:9) O< (<.

2. Claim: For each x € Fg there exists a radius R(x) > 0 such that

(2.10) dist(Du, K)dy < 7[ dist(Du, K)dy = ©.
B(z,R(z)) B(z,R(x)/2)

To prove the claim, consider the function

h(r) =+ dist(Du, K)dy
B(z,r)
and let
R(z) = 2sup{r € (0,00) : h(r) > ©}.

Then R(z) < oo since A < oo, and h(R(z)/2) = © by continuity of h. The claim is
proved.
3. For R(z) as above, consider the family of closed balls

F ={B(z,R(x)): x € Eo}.
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By the Besicovitch covering theorem there exist at most k(n) (countable) subfam-
ilies F) of disjoint balls such that the union of the sets

Al — U B
BeF )

covers Fg. Thus there exists a subfamily F’ of disjoint balls such that the set

A= (] B

BeF’
satisfies
1
(2.11) /dist(Du,K)dy > ) /dist(Du,K)dy.
n
A Eo

4. In view of (2.10) we may apply Lemma 5 successively to each of the disjoint

balls B(z;, R;) € F' to obtain a function @ € W>! (R™; R™) that satisfies

loc

(2.12) t=u in R"\ A,

(2.13) / dist(Dai, K)dy < (14 ©71) / dist(Du, K)dy.
B(zi,Ri) B(wi,Ri)\B(zi,R:/2)
The definition of R; = R(x;) (see (2.10)) implies that
/ dist(Du, K)dy > 27" / dist(Du, K)dy.
B(z;,R;/2) B(z;,R;)
Hence (2.13) yields
(2.14) / dist(Di, K)dy < (1 —27")(1 4+ ©71) / dist(Du, K)dy.
B(wi,R;) B(wi,R;)
Let ¢y = min(éz2, 1/9), where ¢ is defined by the equation
(1-2"")(1+c)=(1-3"").
Then the definition of © implies that
(1-2"")(146077) < (1-37").

Since the balls in F’ are disjoint and their union is A, we deduce that

(2.15) /dist(D&,KW)dy <(1- 3_”)/dist(Du,K)dy.
A A
On the other hand, (2.12) yields, in combination with (2.8) and (2.9),
dist(Da, K,) = dist(Du, K,) in R\ A,
dist(Du, K,) = 0 in R"\ Eo.
Thus

/dist(Dﬁ,Kv)dyg /dist(Du,K)dy.
R™\A Eo\A
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If we add this to (2.15), use (2.11) and define
(2.16) aln)=1- 3
' S k(n)
we finally obtain

/ dist(Di, K, )dy < a(n) / dist(Du, K)dy.
R” FEo

This proves the first assertion of the lemma.
5. To finish the proof it only remains to estimate £™"(A). One has

LAy = Y L'(Blxi,Ri)
B(z;,R;)EF’
=2"> " L"(B(xi, Ri/2))
—9n Z é / dist(Du, K)dy

A 9
< S a=2n(=)"
<FA=2C)
Hence (2.7) holds, and the lemma is proved. |

Proof of the Remark. The function u is only modified on the balls B(z;, R;), and
one has (see point 5, above)

L"(B(xi, R;)) < 2mgntly=(mrhy
2R; < 07(7_(”“))\)1/” =p.
Now we must have z; € Vg, C V)5 since otherweise fB(%Ri) dist(Du, K)dz = 0.
Thus B(z;, R;) C V. |
Let ¢3 = ca(n) be as in Lemma 6.
Theorem 7. There exists a constant ¢(n) with the following property. Suppose

that K is a compact, conver set in R™", u € VVlicl(R”, R™), v € (0,9¢2|K|x) and

1
A

= —— [ dist(Du, K)dzx < cc.
wr

R'Vl
Then there exist v € WH°(R™; R™) such that

Dve K, ae, L u # v} < é(n)| K[y~ FD),
Corollary 8. If Du € K on R"\ V, then
[ur o} CVp  p=co|K|my= D,
In fact, values of u outside V,, play no réle in the construction of v.

Proof of Theorem 7. By scaling we may suppose | K| = 1. The proof is based on
a simple iteration of Lemma 6. Let o = a(n) denote the constant in (2.16) and
inductively define

Ko=K, K=Ky, M =|Kil,
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¥ = 5@2(ni+l) M;.
The value of § > 0 will be chosen below. We have
M1 In M; +;

< SaFmI. My =1
Mi Mq, S oo ’ 0 )

In

and hence
oo
1< M; < €30 —. M, Z% < 0450036 =: 4.
i=0

Construct a sequence u; by successive application of Lemma 6, starting with uy = u.
Let

1
)\i = ﬁ /dist(Dui, Ki)dy, i = C”{uiﬂ 75 ’U,i}.
’LRn

By Lemma 6,
Air1 < o, i < 2n9"+1]\7fn+1%_(n+1)/\i~
Thus
i < o), i < C5M”+1(5—(”+1)ai/2/\,
where ¢3, ¢4 and c; depend only on the space dimension n. Since Y p; < oo, it
follows from the definition of u; and (1.2) that
u; — v, Du; — h in measure.

Moreover,

(2.17) /dist(Dui, K5) < M) — 0.
R'n.

Application of the dominated convergence theorem with majorant

|K|5+ Y dist(Du;, K5)

shows that Du; — h in L] _(R"; M), and by testing with smooth, compactly sup-

ported test functions we deduce that

u; — v in WHRYR™).

loc

Moreover, by (2.17),
Dv e K5 ae.

and

L ({u#v}) <Y i < egMETD N,
i=0
Now choose ¢ such that
(2.18) N =7 = c40e%°,

Since v < 9¢a, we have § < 90204_1 and 6 > 704_1 exp(96203cll), and now the choice
é(n) < ceci ™ exp(18(n + 1)%)
Cq

gives the desired estimate for L™ ({u # v}).
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Proof of Corollary 8. Let u; be as in the proof of Theorem 7, and let
Vi=VU{u#u},  pi=ecr(MHy 0,
We have Du; € K in R™\ V;, and the remark after Lemma 6 yields
Vigr € (Vi)p, -
Since \; < a’), the definition of A; implies that
Zﬂi < g MU 5T .
The assertion now follows from (2.18). |

3. LOCAL ESTIMATES
Proof of Theorem 4. We may suppose |K|s = 1.
1. Claim: uj — ug in Wb (9 R™), Dug € K a.e.

Proof. Let U be open, U CC Q (as usual, this notion indicates that U is compact
and contained in ). For A € R™" let PA denote the best approximation of A in
the convex, compact set K. The sequence PDu; is bounded in L (U), and hence
there exists a subsequence that has a weaks limit & in L>°(U). Since U is bounded,
in particular

PDuj, — hin L*(U).

Now
|Du;j — PDuj| = dist(Du;, K) — 0 in L (U)
and hence Duj, — hin L' (U). The usual argument yields h = Dug, and uniqueness
of the limit implies that the whole sequence converges. Convexity of the distance
function and Mazur’s and Fatou’s lemmas (or standard lower semicontinuity results)
show that dist(Dug, K) =0 a.e. in U, and hence a.e. in Q by arbitrariness of U.
2. Let V. CC U CC 2. We construct v; that almost satisfy (1.7) and (1.8). The

proof will then be finished by a diagonalization argument. Let ¢ € C3°(V),0 <
¢ <1, and define

wj = puj + (1 = pluo.
Then

Dwj; = ¢Duj + (1 — ¢)Dug + (uj — uo) ® De.

In particular,

Dw; e K inQ\V,

Aj = /dist(ij,K)dar < /dist(Duj,K)d:z:—l—/|uj —ug| |Dy| dz.
Q v v

By the assumptions, A\; — 0. Let § > 0. In view of Theorem 6 and Corollary 8
there exists jo = jo(U,V, ¢, d) such that for all j > jo there exist v; € Wli)’cl (Q,R™)
that satisfy

{vj #w;} CU, L"(v;#wj)<d, DuvjeK;ae.
It follows that
Vj = Uo in \ U,
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L"{v; #u}NU) <o+ L"{p # 1}NV)+ LU\ V),
dist(Dvj;, K) < 6.

3. Let {Uz} be an increasing sequence of open sets U, CC Q whose union
exhausts Q. Let Vi, CC Uy and ¢y, € C5° (Vi) be such that

LT\ Vi) < % L'({pr £130V) <

0 <pr <1, and let §; < % By point 2, there exists jj such that for j > jj there
exist functions v; that satisfy

)

el

vj = U inQ\Uk,

. 3 1
L"({v; #u;})NUE) < T dist(Dv;, K) < T
We may suppose without loss of generality that ji is (strictly) increasing. To finish

the proof, define

UjZUk lfjk§j<jk+1

4. APPLICATION TO QUASICONVEX FUNCTIONS

A function f from the m x n matrices R™" to RU{—o00, 0o} is called quasiconvex
if for all bounded domains U C R™ with £*(0U) = 0 and all F € R™"

[ 1+ Dt = [ (F)ae = @)sE) e WHE R,
U U

whenever the integral on the left exists.

Quasiconvexity is the fundamental notion in the vector-valued calculus of vari-
ations (see [14], [15], [3], [4], [6], [20]). It states that affine functions minimize the
functional u +— [, f(Du) subject to their own boundary conditions. Quasiconvexity
is difficult to handle, however, since no local characterization is known for n,m > 1
(and cannot exist for m > 3,n > 2; see [12]). Even the approximation of general
quasiconvex functions by finite ones is a largely open question. As a corollary of
Theorem 2 we obtain at least the following result, which answers the question in
[9], p. 350, equation (5.19) (see pp. 342 and 345 for the relevant definitions). We
remark that every R-valued quasiconvex function is continuous and even locally
Lipschitz, since it is rank-1 convex (see e.g. [4]).

Corollary 9. Let K C R™" be a convex, compact set with non-empty interior.
Let f: R™ — R U{—00,00} be a quasiconvex function that satisfies

feC(K;R), f=400 on R™ \ K.
Then, for all F € K,
(4.1) f(F)=sup{g(F)lg : R™ — R, g < f on K, g quasiconvex}.

Proof. 1. We may assume 0 € int K, since quasiconvexity is invariant under
translation in R™”. We have

(4.2) K CAint K, VA> 1
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Indeed, if A € 9K, then tA+ (1 —t)B € K for all t € (0,1) and all B in a small
neighbourhood of 0. Hence tA € int K, for all ¢ € (0,1). Thus (4.2) holds.

2. Let G denote the right hand side of (4.1) and let P denote the nearest
neighbour projection onto K. For k € N U {0} define

he(F) = f(PF) + k dist(F, K) < f(F).

Let g, = h{° denote the quasiconvex hull of hy, i.e. the largest quasiconvex function
below hi. Thus gi(F) < Geo. On the other hand, by standard relaxation results
(see e.g. [4], Chapter 5, Theorem 1.1)

gx(F) = inf{/hk(Du)dx cu— Fo e Wy™(Q,R™)},

where @) = (0,1)". Hence there exist Lipschitz functions uy such that

(4.3) limsup/hk(Duk)d;v < Gy, ur=FzondQ.
k—o0

Q

In particular,

/diSt(Duk, K)— 0.

Hence Duy, is bounded in L', and after possible passage to a subsequence we may
assume that uy — ug in L'.
3. By Theorem 4 there exist v, € W>°(Q, R™) which satisfy

(4.4) L"{uk #vg}) — 0, v =Fz on dQ,

(4.5) || dist(Dvg, K)||oo — 0.

Taking into account (1.2), the uniform continuity of hy and the inequality hg < hy,
we see that

limsup/hg (Dvg)dx = hmsup/ho(Duk)dx <G

k—oo k—oo

In view of (4.2) and (4.5) there exist A\x \, 1 such that \;'Dv, € K, \;'F € K.
Using the uniform continuity of ho as well as quasiconvexity and continuity of f,
we obtain

f(F):klim FOG'F) <hmsup/f At Duy)dx

= limsup/ho()\ngvk)dx <G

k—oo
The proof is finished. O
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